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TF Analysis of Systems TF and System Response

Transfer Function (TF)

M(0)2¢,(w) = M(@)M(0) 2] (@) + P(w)]

Spring # x(1) = M, cos(w + ¢,)

I
Mass |— f(t) = M; cos(wt+¢;)
@ Transfer function,

Viscous damper

_ X
G(s) = F((j)) @
@ F(s) —|G(s)|— X(s) M@ | ey | AL
®)
z(t) = f(t) x Gald /0 0

o |

Go =|G(Jw)l, M ™= Mo=MiM
b =2G(jw) ﬂ\ m

l \/ e \/
_’:(/’,<_ _>:¢f+’/7<_

Input Output
(©
© Dr. Md. Zahurul Hagq (BUET) Transfer Function RME 3204 (2025) 3/50

TF Analysis of Systems TF and System Response

Poles, Zeros, and System Response

o Gls) =By = K Z i)
@ zeros of G(s): values of s that make p(s) =0
= 8§ =—P1,— D2y ", Pm.
@ poles of G(s): values of s that make g(s) =0
= S=—q1,— ¢, - ,—qn and k poles for s.
@ Poles and zeros may be complex.
Q A pole of input function generates the form of forced response
(steady-state response).
© A pole of the TF generates the form of the natural response.
© A pole on the real axis generates an exponential response of the

form e~*!, where « is the pole location on the real axis.

© zeros and poles generate amplitudes for forced and natural
responses.
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TF Analysis of Systems

TF and System Response
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TF Analysis of Systems

System

Transfer Function

Pole-zero plot
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TF and System Response

Response
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TF Analysis of Systems TF and System Response

Performance Parameters (Second-order System)

2 2 /k
wL%% + 2(1%% +z =k f(t) = G(S) = 32+2(£)£{Ls+w%

@ Rise time, T'.: time required for the waveform to go from 0.1 of
the final value to 0.9 of the final value.
e Peak time, T),: time required to reach first, or maximum, peak.

= [1, = —=

WwnV1-C2
@ Percent overshoot, %OS: amount that the waveform overshoots

the steady-state, or final, value at the peak time, expressed as %
of the steady-state value.

= %08 = exp(—({mt/+v/1— (2)) x 100
@ Settling Time, T: is defined as the time for the response to reach,
and stay within, 2% of its final value.

= | T, =2
Cwn
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TF Analysis of Systems TF and System Response

R(s) + K C(s)
s(s+5) B

@ For K = 25, find the peak time, percent overshoot, and settling time.

[0.726 s, 16.3%, 1.6 s]

© Design the value of gain, K so that the system will respond with a 10%
overshoot.
[17.9]
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TF Analysis of Systems

TF and System Response
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Second-order response as a function of damping ratio.
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TF Analysis of Systems
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TF and System Response
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TF Analysis of Systems TF and System Response

R(s) =% + E(s) 3
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TF Analysis of Systems TF and System Response

Impulse response for various root locations in the s-plane.

© Dr. Md. Zahurul Haq (BUET) Transfer Function RME 3204 (2025) 12 /50



TF Analysis of Systems Block Diagrams

Block Diagrams

@ Block Diagrams: A block diagram of a system is a pictorial representation of
the functions performed by each component and of the flow of signals.

@ Summing Point: A circle with a cross is the symbol that indicates a summing
operation. The plus or minus sign at each arrowhead indicates whether that
signal is to be added or subtracted. It is important that the quantities being
added or subtracted have the same dimensions and the same units.

@ Branch Point: A branch point is a point from which the signal from a block
goes concurrently to other blocks or summing points.

Summing Branch
point point
Transfer l l
—) function — R(.S) E(S) C(.S)
G(s) —— G(s)
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TF Analysis of Systems Block Diagrams

R(s) C(s) R(s) C(s)
> . —_— G(s)
Input Output
Signals System
(@) ®)
R(s)
Rs) | R(s)
R(s)
Summing junction Pickoff point
(©) (@)
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TF Analysis of Systems Block Diagrams

Procedures for Drawing a Block Diagram

Q@ i="%2% (s)= Ei(s)—Eo(s)
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(a) RC circuit. @
(b) block diagram representing Equation (1);
(c) block diagram representing Equation (2);
(d) block diagram of the RC circuit.
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TF Analysis of Systems Block Diagrams

Transfer Function of Closed-loop System

R(s) E(s) C(s)
G(s) -

B(s)

H(s) |t

& closed-loop control transfer function.
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TF Analysis of Systems Block Diagrams

R(s) C(s)
(a) —> Gi(») | Gy [

——!  G(s)
R(s) C(s)

|

(b)

— G(s)

R(s) C(s)
% Gy(s) >

©) T
Gy(s) | t—rd

(a) Cascaded system; (b) parallel system; (c) feedback (closed-loop)
system.

© Dr. Md. Zahurul Haq (BUET) Transfer Function RME 3204 (2025) 17 /50

TF Analysis of Systems Block Diagram Reduction

Combining blocks in cascade

Xo(s) = Xi(s) = C(s) =
R(s) G1(s)R(s) Go($)G1()R(s) G3(5)Gy(8)G()R(s)
— Gi(9) > Gy(s) > Gs(s) >
(@)
R(s) C(s)
> G3(5)Ga($)G1(s) —
®)
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TF Analysis of Systems Block Diagram Reduction

Combining blocks in parallel

Gels) = Z?:l G;

= G,(s) X1(s) = R()G(s)
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TF Analysis of Systems Block Diagram Reduction

Feedback (closed-loop) System

Input
transducer Controller Plant
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e = ———
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TF Analysis of Systems Block Diagram Reduction

Ezample 01: Block diagram reduction
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TF Analysis of Systems Block Diagram Reduction

Moving a summing point behind a block

R(s) + Gs) C(s)> - R(s)» Ges) + C(s)>

+I
+1

X(s)
G(s)

T1975 X(s)

D
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TF Analysis of Systems Block Diagram Reduction

Moving a summing point ahead of a block

R(s) Ges) + C(s) R(s) + Ges) C(s)

+I
+I

X(S ) L
G(s)

X(s)
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TF Analysis of Systems Block Diagram Reduction

Moving a block to the left past a pickup point

R(s)G(s) R(s)G(s)
> G(s) > -
R(s) R(s) ___R( ) R(s)
i — > G(s) [T G(s) =
R(s) | R(s)
- > G(s) -
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TF Analysis of Systems Block Diagram Reduction

Moving a block to the right past a pickup point
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TF Analysis of Systems Block Diagram Reduction
6 o G5
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TF Analysis of Systems Block Diagram Reduction
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TF Analysis of Systems Block Diagram Reduction
Ezxample 04

_ G1G2Gs + G1Gg
11— G1Gs + G1 GGy

T o
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TF Analysis of Systems Block Diagram Reduction

Ezxzample 05: Estimate equivalent transfer function

R(s) + + 1 C(s)
4>® = N > s —>® > -
s
i \ +
- 1
S
s |-
3
. s°41
254452425
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TF of Basic Control Actions
Automatic Controller
Automatic controller
N
| Error detector i
i |
1 | Output
Amplifier ! Actuator »| Plant >

| |
| |
| 1
| Actuating i
|
| |

error signal

Sensor

Classifications of Automatic Controllers
@ Two-position or on-off controllers
@ Proportional (P) controllers
@ Integral (I) controllers
© Proportional-plus-integral (PI) controlle

A

IS

© Proportional-plus-derivative (PD) controllers

O Proportional-plus-integral-plus-derivative (PID) controllers
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TF of Basic Control Actions
Two-Position or On-Off Control Action

@ The actuating element has only two fixed positions, simply on and
off.
@ If u(t) = controller output signal, e(t) = actuating error signal:

{ U, if e(t) >0,
u(t) =
Uy, if E(t) < 0.

@ Differential gaps are used to prevent too-frequent operation of the
on-off mechanism.
Differential gap \

1

e Ui u e Ui Ty u
' <+% : o e — | f—
U, &)

|

(a) (b)
(a) Block diagram aof an on-off controller; (b) block diagram of an on-off

© Dr. Md. Zahurul Haq (BUET) Transfer Function RME 3204 (2025) 31 /50

TF of Basic Control Actions

Movable iron core

e v
1 0

di !
R : Float

HH . .
HH<— Magnetic coil
H

C —1—> h
l —_— —_—
R
(2) ()
h(r) |
Differential
‘ gap
ANAANAN/ \ ?’
0 g

(a) Liquid-level control system; (b) electromagnetic valve. (c) Level
h(t)-versus-time curve for the system.
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TF of Basic Control Actions

Proportional (P) Controller

@ The relationship between the output of the controller u(¢) and the
actuating error signal e(t) is:

u(t) = Kpe(t) :— =K,

® K, is termed the proportional gain.

@ P controller is essentially an amplifier with an adjustable gain.

E(s) U(s)
K, [r—
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TF of Basic Control Actions

Integral (I) Controller

@ The relationship between the output of the controller u(¢) and the
actuating error signal e(t) is:
t U(s) K;

u(t) = K; L e(t)dt :— O

@ K, is an adjustable constant.
@ For zero actuating error, the value of u(%) remains stationary.

@ Integral control action is sometimes called reset control.

B [k UGs)
-5 oo
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TF of Basic Control Actions

Proportional-Plus-Integral (PI) Controller

o ult)=Kye(t) + % [Le(t)at - T8 = K, (1 + T%)
@ K, is termed the proportional gain, T; is called integral time.
Both K, and T; are adjustable.

@ Inverse of T is called reset rate.

u(t)
E(s) ‘ K, (1 +Ts) U(s) e(t) ] Unit step PI control action
T, > 2K,
K [E----- gy
y4 ]
| X (Proportional only)
0 ' 0 T, :
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TF of Basic Control Actions

Proportional-Plus-Derivative (PD) Controller

o u(t)=Kye(t)+ K, Ty dfi&t) = g((g = Kp(1+ Tys)

@ K, is termed the proportional gain, T is called derivative time.
Both K, and T; are adjustable.

@ Derivative control action is sometimes called rate control.

u(t) |
PD control

action \

E(s) U(s) e(r)
Kp(1+ T4S) e Unit ramp

N
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TF of Basic Control Actions

Proportional-Integral-Derivative (PID) Controller

o u(t) = Kye(t)+ 72 [¢ e(t)dt + K, T2

> Yl :Kp(1+ﬁ+Tds

E®) | K, +Ts+ T, Tys?) | US)

Ts
(@)
u(ry § PID control e
t action i
e(r)
Unit ramp
0 ! t
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TF of Basic Control Actions

Eiffects of Sensors on System Performance

R(s) E(s) U(s)
Controller [r—

B(s) K )
Ts + | D
(a)
R(5) E(s) U(s) R(s) E(s) U(s)
Controller  [— Controller  |j——
B(s) K G B(s) K G
(Tis+ D (Tos+ | T224+2/Ts+ 1|

1>¢>0
(b) (©)

Block diagram of automatic controllers with (a) First-order sensor; (b)
overdamped second-order sensor; (c) underdamped second-order systeng.
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System Stability

System Instability: Example

e133

Tacoma Narrows bridge at catastrophic failure
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System Stability

A stable system is a dynamic system with a bounded response to a
bounded input.

Lha Y

(a) Stable (b) Neutral (c) Unstable

Stable Neutral Unstable

-~

[>

A
7X yAy
T1981
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System Stability Routh-Hurwitz Criterion for Stability

Routh-Hurwitz Criterion for Stability

The method involves two steps:
© Generate a data table called a Routh table.

© Interpret the Routh table to tell how many system-poles are in the

left half-plane, the right half-plane, and on the j w-axis.

The Routh-Hurwitz Criterion declares that:
the number of roots of the polynomial that are on the right

half-plane is equal to the number of sign changes of the first
column of the Routh table.
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System Stability Routh-Hurwitz Criterion for Stability

Generation of a Basic Routh Table

N(s)

R(s) " | %253t assPtazstarstao » Cs)
.'5'4 dy as dy
5 as aj 0

Initial layout for Routh table
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System Stability

Routh-Hurwitz Criterion for Stability

.8'4 Ay ay dy
,8‘3 as a) 0
_ |94 ay _|a4 4o _|aa O{
o B 4l -5 _las O] _ by a 0 _,
as as as
_|laz  daj _|a3 0 _|a3 0
by by by 0 by 0
1 = =0
by by by ol by ol
S() C1 0 _ d] C1 0 -0 C1 0 —0
C1 C1 |

Completed Routh table
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System Stability Routh-Hurwitz Criterion for Stability
Stability Analysis: R-W Criterion
: 1000 N
Example: R(s) s3+1052+315+1030 » C(s)
s 1 31 0
52 4071 1630 103 0
_‘1 31‘ _‘l 0' _‘] 0‘
r B L L U I L B _ o
1 1 |
_‘ 1 103 _‘ 1 0‘ _‘ 1 ol
—-72 0 =72 0 -72 0
1)) — —_ 1 = ———
—72 e -T2 0 —72 0
Two sign changes 1n the first column, system 1s unstable since two
poles exists in the right half-plane.
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System Stability Routh-Hurwitz Criterion for Stability

Special Cases of R-W Criterion

©Q Table have a zero only in the first column of a row. In such
case, an epsilon, €, is assigned to replace the zero and the value of
€ is then allowed to approach zero from either the positive or
negative side after which the signs of the entries of the first
column can be determined.

© Table have an entire row that consists of zeros. In such case,
we return to the row immediately above the row of zeros and form
an auxiliary polynomial, using the entries in that row as
coefficients. The polynomial is then differentiated with respect to
s to obtain the coefficients to replace the rows of zeros.
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System Stability Routh-Hurwitz Criterion for Stability

Example of a R-W Criterion: Case 1

N 10 N
R(s) " | s5+25%+353+652+55+3 » C(s)
5~ | 3 5
g4 2 6 5
5 7
S /9’ € 5 0
6e —
2 E— T 3 0
€
42€ — 49 — 6€2
]
) 12¢ — 14 . .
sY 3 0 0
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System Stability Routh-Hurwitz Criterion for Stability

Label First Column €=+ € = —
5 1 + +
st 2 + &

S X € + =
’) 66 - 7
85 — +
€
1 42€ — 49 — 6¢€2 5 1
| 12¢ — 14
0 3 N i

The system 1s unstable, with two poles in the right half-plane
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System Stability Routh-Hurwitz Criterion for Stability

Example of a R-W Criterion: Case 2

N 10 \
R(s) — | 5752765314357 185556 » C(s)
50 1 6 8
g4 A 1 47 6 56 8
$3 & A4 1 o V3 80
¢2 3 8 0
3 1 0 0
3
0 8 0 0

No sign change, stable system
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System Stability Routh-Hurwitz Criterion for Stability

Case 2: Procedure Steps

Q Start by forming Routh table.
© At 2™ row, multiply through 1/7 for convenience.

@ At 3™ row, entire row consists of zeros; then

» return to the row immediately above the row consisting zeros,
» form an auxiliary polynomial, using the entries in that row,

dP
P(s):s4+6s2+8:>%:4s3+125+0

» the coefficients [4,12,0] are then used to replace the zeros,
> for convenience, the 3™ row is multiplied by 1/4

@ Remain of the table is formed in standard manner.
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Example: ©> Find the range of gain, K for the system that will cause the
system to be stable, unstable, and marginally stable. Assume K > 0.

R(s) + E(s) K C(s) .
Q\@ s(s+T)(s + 11) -
_ K
G(s) T s34+182+T7s+K

s 1 77
5 18 K
| 1386 — K
S 18

0 K

@ For K < 1386: stable system.
@ For K > 1386: unstable system.

@ For K — 1386: entire row of zeros:

dP(s)

P(s) = 18s% 41386 — = 365 + 0

= Column 1: [1,18,36,1386], no sign change, stable system.
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