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Steady-state Error

Steady-state Error

Steady-state error (ey;) is the difference between the input and the
output for a prescribed test input as ¢t — oo.

Test waveforms for steady-state errors of position control systems.

Waveform Name Physical interpretation Time function Laplace transform
(1) Step Constant position 1 1

S
I
() Ramp Constant velocity t 1

2
I N
(1) Parabola Constant acceleration 1 2 1

2 53
_L t
T2043
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Steady-state Error

Input 3

~«— Qutput | e5(00)

(1)

“~«— Qutput 2

Y

T2044 Time

Steady-state error for step input
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Steady-state Error

Steady-state Errors in Feedback Control System

R(s) E(s) C(s)
G(s) -

@ e(t) =r(t)— c(t) — E(s) = R(s)— C(s)
o Cls) _ Gls) L Bl _ 1
R(s) 1+ G(s) R(s) = 14+G(s)

G(s) = K(Tys+1)(Tps+1)---(Trhs+1)
2T SN(Tys + 1)(Tas +1) - (Tps + 1)

A system 1s called type 0, type 1, type 2, type p,
if N=0, N=1, N=2, N = p, respectively.
@ Applying final-value theorem:

o L L sR(s)
€ss = Hm e(t) = lim sB(s) = lim 7=—~7
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Steady-state Error Steady-state Error Constants

Static Position Error Constant, K,

o Steady-state error for a unit-step input (R(s) =1/s) is:
S 1 1

— ]_. _— = —
s T 01+ G(s)s 1+ G(0)
) 1

@ Type O system:
K — Tm K(Tos+1)(Tps+1)--- (Ts+1)
PUsS0 (Tis+1)(Tes+1)-- (Tps+1)
@ Type 1 or higher system:
. K(Tys+1)(Tps+1)--- (Tys+ 1)
Kp =lim —
s—0 sV (Tys +1)(Tes+ 1)+ (Tps +1)

=K

B {ﬁ for type O systems,
eSS -

0 for N > 1.
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Steady-state Error Steady-state Error Constants

Static Velocity Error Constant, K,

o Steady-state error for a unit-ramp input (R(s) = 1/52) is:

e —Tim— 5 1 g 1
%550 1+ G(s) s2 50 sG(s)

. 1
K’U = ll_l')r(l) SG(S) — €55 = E
@ Type 0 system:

. SK(Tys+1)(Tys+1)---(Tys+1)
K, = lim =0
s—0 (Ths+1)(Tes+1)--- (Tps+1)

@ Type 1 system:

. SK(Tys+1)(Tys+1)--- (Tys+1)
K, =lim =K
s—0 S(Tys+1)(Tas+1)---(Tps+1)
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Steady-state Error Steady-state Error Constants

@ For a type 2 or higher system:

K — lim SK(Tys+1)(Tps+1)--- (Trms+1) o
Y550 sN(Tys 4+ 1)(Tas+1) -+ (Tps+1)

oo for type 0 systems,

€ss = % for type 1 systems,

0 for type 2 or higher systems.

7/ 26

@ Type 0 system is incapable of following a ramp input in the steady

state.

@ Type 1 system with unity feedback can follow the ramp input

with a finite error.

@ Type 2 or higher system can follow a ramp input with zero error

at steady state.
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Steady-state Error Steady-state Error Constants

Static Acceleration Error Constant, K,

o Steady-state error for a unit-parabolic input (R(s) = 1/s3) is:

i S 1 5 1
ess = lim ———— — = lim
#5501+ G(s) 83 550 s2G(s)

: 1
K, = l1_r)r(1)52G(s) — g5 = E
@ For a type O system:

. sK(Tys+1)(Tys+1)--- (Tyys +1)
K, = lim =0
520 (T1$+1)(T28-|-1)---(Tp3—|—1)

@ For a type 1 system:

2K (Tys+1)(Tps+1)--- (Trns +1)

K, = lim =0
s—0  s(Tys+1)(Tes+1)--- (Tps+1)
© Dr. Md. Zahurul Hag (BUET) Controllers & Final Control Elements RME 3204 (2025) 9/26

Steady-state Error Steady-state Error Constants

@ For a type 2 system:

. S?K(Tus+1)(Tys+1)--- (Ths+1)
K, = lim =K
s—0 s2(Tys+1)(Tes+1)---(Tps+1)

@ For a type 3 or higher system:

O SPK(Tys+1)(Tys+1)--- (Tps + 1)
K, = lim — 00
s—0 SN(Tis+1)(Tes+1)---(Tps+1)

oo for type 0 & type 1 systems,

ess = % for type 2 systems,

0 for type 3 or higher systems.

@ Both type 0 and type 1 systems are incapable of following a
parabolic input in the steady state.

@ Type 2 system with unity feedback can follow a parabolic input
with a finite error signal.

@ Type 3 or higher system with unity feedback follows a parabolic

input with zero error at steady state.
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Steady-state Error Steady-state Error Constants

Steady-state error (ess)

Step Input Ramp Input Acceleration Input
r(t) =1 r(t) =t r(t) =3¢

Type 0 system !

ey 1+ K > 0
1

Type 1 system 0 X 0
T2049 1
= Type 2 system 0 0 X

()
<)
()

() o)

o)

on
< ‘ Offset C( t)

T2058 ; T205%) ¢ T206@® ;::
Type 0 response Type 1 response Type 2 response
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Steady-state Error Steady-state Error Constants

Example: > Steady-State Error via Static Error Constants for standard step,
ramp and parabolic input.

R(s) + E(s) 500(s +2)(s + 5) Cs) .
b (s +8)(s + 10)(s + 12) - (a): > Step 1nput, €ss = 0.161
» ramp input, e;s = o0
@ » parabolic input, ess = 00
R(s) + o E(s) 500(s +2)(s + 5)(s + 6) ) (b): > step input, ;s = 0
b s(s +8)(s + 10)(s +12) » ramp input, e;s = 0.032
» parabolic input, es;s = oo
®) .
(c): P step input, e;;s =0
R(s) + < E(s) | 500(s + 2)(s +4)(s + 5)(s + 6)(s +7) <ON » ramp input, ess = 0
A $2(s + 8)(s + 10)(s + 12) S parabolic input,
ess = 1.14 x 1073
T2047 ()

D
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Steady-state Error Steady-state Error Constants

Example: > Mobile robot steering control, G, = K; + %

Controller Vehicle dynamics
R(s) + Y(s)
Desired  ——( ——b  G(®) > Gls)= Ii . > Actual
heading angle I s heading angle
o o G(s) = KlastKa)
4 Input s(ts+1)
_— Output
@ type 1 system.
855

1
1—|—Kp - s—0

@ For step input: eg = 0; K,=Ilim G(s) =00

@ For ramp input: e = Ki; K, = lin% sG(s) = KbK
v 5—

@ For a triangular wave input: plot above.
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Steady-state Error Steady-state Error Constants

Steady-State Error for Non-unity Feedback Systems

LON I £ Ea0 s
Hi(s) J () Fig.(b):
@ G(s) = G1(s)Gz(s), and
H(s) = Hi(s)/Gi(s).
= = O 6o - o G - @ Fig.(c): form a unity
J feedback system by adding
" " and subtracting unity
. feedback paths.
@ Fig.(d): combine H(s) with
(b) o the negative unity feedback.
@ Fig.(e): combine the
R(s) + E(s) G(s) C(s)

SR feedback system consisting
of G(s) and [H(s) — 1].

d) (e)
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Steady-state Error Steady-state Error Constants

Example: > Steady-State Error for Non-unity Feedback Systems, step input.

R(s) + o Eols) 100 Cs)
X s(s + 10) B
1 —
(s+5)
G(s) 100(s + 5)

Ge

"1+ G(s)H(s) — G(s) s+ 1552 —50s — 400

@ No pure integrator, type 0.

° K, =1lim G.(s) = -5/4.
Q@ e, = ﬁ = -4,

@ Negative value for steady-state error implies that the output step is
larger than the input step.
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Steady-state Error Steady-state Error Constants

Example: > Nonunity feedback control system: Estimate K for e;s = 0.

Controller Process
E(s) 1

+
R(s) = K > > Y
) —(O—> 3 ®)

Sensor
2

s+4

B G(s) B K(s+4)
1+ G(s)H(s) — G(s) s2+(6—K)s+(8—2K)

Ge

@ No pure integrator, type 0.

4K
8 —2K

° Kp = 1-1_]:)7% Ge(s) =

1 82K
@ &s = 17K, = 812K

@ For e;s =0 — K = 4.
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Steady-state Error Steady-State Error for Disturbances

Steady-State Error for Disturbances

D(s)

Controller Plant

+

R(s) + E(s) + C(s
G\() Gals) ©,

@ C(s)=E(s)G1(s)Gy(s) + D(s)Gy(s): C(s) = R(s)— E(s)
= B(s) = mommm ) — marteigm D1S)

, . s . sGo(s)
ess = lim sKE(s) = lim R(s) — lim Di(s
58 s—0 ( ) s—)Ol—I—Gl(S)GQ(S) ( ) s—)Ol-I—Gl(S)Gg(S) ( )
® eg p = lim, 40 mR(s), steady-state error due to R(s),
. G
® ez p = limg 0 #%D(s), steady state error due to
disturbance.
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Steady-state Error Steady-State Error for Disturbances

Non-unity feedback control system with disturbance

D(s)

+
R(s) + NE P O

A

H(s)

@ es=lims_0 sE(s)=lim,_,0 s [{1— e }R(s)—{ R }D(s)]
@ For a step input and step disturbance:
P lims 0 G1(s)Ga(s) . lims ;0 Ga2(s)
58 lims_0[1+G1(s) G2(s) H (s)] lim;s_,0[1+G1(s) G2(s) H (s)]

@ For zero error:

lims 0 G1(s)Ga(s) _
Timsollt G (5] Ga (s H(sT] — 1» and
lims 0 Ga(s) -0
lim; ,0[1+G1(s)Ga2(s)H(s)] =
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Steady-state Error Open-loop & Feedback Controllers

Comparison: Open-loop & Feedback Controllers

e(t) =r(t) —c(t) = E(s) = R(s)— C(s)

Open-loop system, step input (R(s) =1/s):

> K. > Ts’il > @ FE(s)=1[1— Go(s)lR(s)
1
Calibration Plant @ e =limsE(s) =lim[l — Go(s)]= =1— G,(0)
Kc=l_ s—0 s—0 S
K
Feedback system, step input (R(s) =1/s)
1 3 _ KpK
R p P c @ E(s) = gy R(s); Gls) = 7547
o T Ts+1 o 1
@ e, =1 e
Plant € 1‘% SE(S) 1+ KpK
@ If K, >>1/K, ey is small & fininte.
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Steady-state Error Open-loop & Feedback Controllers

Open-loop system:
@ By calibration, K. =1/K - KK, =1:. — e;;s, =1— G(0) =0
e Calibration may drift with time.
> if K — (K +AK); & K =10, AK = 1:
> e, =1—K(K+AK)=1—KK,(1+%)=1-11=-01=10%
= Significant change.

Feedback system:

o Often KK, = 100 — €5 = 17555 = 0.0099 = 9.9%.
> if K = (K +AK); & K =10, AK = 1:
1

— _ 1 _ 1 _

= Not significant change.
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Example: > Analyse Open-loop & Feedback Control Systems, R(s) = 0.

Steady-state Error

Open-loop & Feedback Controllers

(s +1)?

T2056
Open Loop* Closed Loop
K=1 K =1 K =8 K =10
Rise time (s) (10% to 90% of final value) 3.35 1.52 0.45 0.38
Percent overshoot (%) 0 4.31 33 40
Final value of y(f) due to a disturbance, Zj(s) — 1/s 1.0 0.50 0.11 0.09
Percent steady-state error for unit step input 0 50% 11% 9%
Percent change in steady-state error due to 10% 10% 53% 1.2% 0.9%
T2057 decrease in K
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Response of Controllers

RME 3204 (2025)

Input-Output Behaviour of Basic Control Actions

e(t)

Dis) [—
u(?) “Present error”
K €0
Kp >
} >
t
“Pasterror”
K
s
A “Future error”
K, a _l
Ky,s [—> >

T2035

A
tot L
I I

al Ib
1, 1
[l tZ t3
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Basic Feed-back Control Actions

T2034
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Response of Controllers

Proportional control (P)

Integral control (I)

Derivative control (D)

e Kp u
y
e K, J‘ u
y
e K, d() u
dt

y

Response of Controllers

System wncluding P control

_Kk
s(As + By)

T2041

System wncluding I control

¥
R——>0

T2042

__K
S(As+By)

System wncluding D control
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u(®) = Ke(t)

u@® = K, jo’e( 7)dt

Voo s K
Pey = es) S

u(t)

d
K, E(E(t) )

u(s)

D(s) ) b

RME 3204 (2025)

PID controler

» K

P

T2036

>0

23 /26

. K/ N
S

y

Uls) = (K + Ki~ + Kps)E(s)

1 1
D(S):Kp‘i‘KIE‘i‘KDSZKp(l—l——_S—I-TDS)

T,

RME 3204 (2025)
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Response of Controllers

Response of P, PI Controllers

For a step disturbance, D =1/s & H(s) = 1:

lims_,0 G2(s) 1
€ss,D = 71 S 1 .
’ lims_,o[1 + G1(s)Ga(s)H(s)] 11ms—>0m+hms—>0 Gi(s)
D
R E T ) c
> @ > & sUs +b) >
1 @ For P: e5sp = —1/K,
D @ For PI: e p =0
R E 1 AT 1 C
X Kp(1+m)—>é‘ Y]
A
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Response of Controllers

Example: > Steady-State Error Due to Step Disturbance

G1(s) D(s) Go(s)
Controller Plant
+
R(s) + E(s) 1000 + 1 C(s)‘
s(s +25)

[eSS’D = 0.001]
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