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Steam Boiler

Basics of State-space Method

What is a state variable?

Steam offtake
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Inlet water
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State variables

T.(1)
ps)
T.(0
hy(8)

Temperature of steam
Pressure of steam
Temperature of water
Level of water

The state or set of system

variables provides us with the
status of a particular system at

any wnstant in time.
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Basics of State-space Method

State variable representation

u(d)

System

(D)

General system block diagram.

Inputs

System
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Outputs
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Inputs, outputs and state variables.
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© Define system equations,

© Identify system inputs,
outputs and states,

© Rewrite new system
equations in standard state
variable vector-matrix
notation.
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Basics of State-space Method Formulation of State-space Equations

State-space Method: Mechanical System

[T

b d _
| :>dtg+md¥+ﬁy_ﬁ
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Spring Damper e State variables, z;(t) and z;(t)
x(t) -
it .
ol i n(8) = ylt
+ ve .
op(t) = y(t)

e State Equation:

[2] N {—Oﬁ —14 [ij + [2} u = & = Ax(t) + Bu(t)

ml] — y = Cx(t) + Du(t)

e Output Equation: y = [1 0} L:
2

where, C = [1 0},D:0
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Basics of State-space Method Formulation of State-space Equations

x = Ax + Bu
y = Cx + Du
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Basics of State-space Method Formulation of State-space Equations

Example: Parallel RLC Circuit

i(r)<> R§ L%lw C—— @ State variables:

Q =z (t) =u(t)
—— Q z(t) =v(¢)
@ Governing equations:
Q z(t) = Ly (2)
@ =M +ai(t)+ Ca(t) = u(t)

State Differential Equation

1
. — 0 .
anl_| 0 T |00 e Rearranged equations:
90 il D S SR ARG R N 4]
c ~RC ¢ Q z(t) = =2—
. . . z1(t T2 (t u(t
Algebraic Output Equation e Q;Z(t) = — 1é) — ]2__3(0) —+ (C’)
_ x1(t)
¥ =10 1] [xz(,)] + [0Ju (1)
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Basics of State-space Method Formulation of State-space Equations
Example: Translational Mechanical System
State Differential Equation
) 0 0 1 0
}_’ n® }_’ »20) () 0 0 -1 1 |[no 0
X2(1) ki ko x(2)
’—> S {)é(l)] = _m_] m_l 0 0 [xi(t):| + L u(t)
X4(1) 0 —ky 0o S x4(1) ”(1)1
ky ky c my my

m —\AA— ) —I'— Algebraic Output Equation

x1(1)
O] 0] O @)
yiey[| _[1T 0 0 O] x(0) 0
7209 % [yz(t)]_[l 1 0 0] [x3(t)]+|:0]u(t)

x4(1)

© 0060
&
—~ ~—~ —~
T+~ &
—_— — ~— ~—
I
h
[y
—~ —~ —~
[ N L T

ma 1 (t) + kiyi(t) — kalya(t) — v ()] = F(2)
mata(t) + cya(t) + kalya(t) — i (2)] =0
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Basics of State-space Method Formulation of State-space Equations

State variable notation summary

Given a system of

m inputs
n states
r outputs

the full state space system is given by
x(t) = Ax(#) + Bu(?)
y(#) = Cx(#) + Du(t)

where A (size n x n) is the system matrix
B (size n x m) is the input matrix
C (size r x n) is the output matrix
D (size r x m) is the direct feedthrough matrix

The matrix D represents any direct connections between the input and the output. However, in
many simple cases, such as the trailer suspension example, the D matrix is zero.

The step of tdentifying the number of states (n), inputs (m) and outputs
(r) automatically sets up the size of the ABCD matrices to be filled:

X(t) = ApypX(t)+ By mult)

yit) = CpxnX(t)+ Dy ult)
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Basics of State-space Method Formulation of State-space Equations

@ State equation and output equation:
Q z=f(z,u,t)
Q y=yg(z,ut)
@ Linearised state equation and output equation:
Q z=A(t)z(t) + B(t)u(t)
Q y=C(t)z(t) + D(t)u(?)
@ Time-invariant linearised state equation and output equation:
Q = Ax(t) + Bu(t)
@ y = Cz(t)+ Dul(t)

M D)

u(t) (1) x(f) y(@®)
B(1) Jdt F—=—) c®

A K——
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Basics of State-space Method Formulation of State-space Equations

Example: State-space representation of a DE

U () + a2y (t) + ary(t) + aoy(t) = bou(t): H(s) = e

s3+ass24-a;s+a,

@ State-variables, x(t) = [z;(t), zx(t), 333(75)]T

Q z:(t) = y(t)
9332()—@(75): ()
Q z:(t) = Y(t) = 21(t) = 2(2)

° 13(t) = —aomy(t) — zwz(t) — azz3(t) + bou(t)

State Differential Equation

x1(1) 0 1 0 x1(1) 0
xX@) | = 0 0 1 @) |+ 0 [u®)
x3() —ap —ay —ay || x3(t) bo

Algebraic Output Equation

x1 (1)
y@&)=[1 0 07| x2(t) | + [0]u(?)

x3(1)
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Basics of State-space Method Formulation of State-space Equations

n-th order Differential Equation (DE)

d"y(t)

n—1
a1 Y dté D ai B 1 agy(t) = boult)

0 1 0 0 0
0 0 | 0 0
0 0 0 1 0
—ay —a; —a —a,_| by
C=[1 0 O 0] D =[0]
n-1 n—-2
w=3L 0= =Y 0=y
d’y dt™! dt"2 dt
u() dt"
J j—r J > ---—p | >
an—1
PRP > m—
a, 4
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Basics of State-space Method Formulation of State-space Equations

Example: > Y (s) = $3+832i23$+28 U(s): —
d’y(t)  d*y(t) a¥(t)
453 +38 72 +23 7 +28y(t) = u(t)
xq(t) 0 1 0 || xy(t) 0
Xz(t) = 0 0 1 Xz(t) +|0 U(t)

x0t)| [-28 —23 8| xa(t)| |1

y(t)=[1 0 0]x

u(t) dt
—> 1 J >
-
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Basics of State-space Method Formulation of State-space Equations

Example: > H(s) = 25 thsthe 7 () Hy(s)

s3+ass2+ais+a,
U(s) W(s) Y(s)
_— Hy(s) - Hys) -
o W(s)= Hy(s)U(s) = roeieers Uls)
® Y(s) = Ha(s)W(s) = (b2s® + bis + b,) W (s)
@ W(t)+ axWw(t) + aiw(t) + aow(t) = u(t)
@ y(t) =bow(t) + brw(t) + bow(
x1() 0 x1(1) 0
@) =] 0 () |+ 0 fu®)
x3(1) —ay x3(t) 1
1131(t
w(t)=[1 0 0] |z(¢)| + [0lu(t)
z3(t)
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Basics of State-space Method Formulation of State-space Equations

y(t) = bow(t) + brw(t) + baii(t)
= bozi(t) + bizp(t) + bazs(t)

x1(1) 0 1 0 x1(t) 0
xX(t) | = 0 0 1 Xo(t) |+ 0 |u()
x3(1) —ap —ap —ay || x3(t) 1
7 (¢)
z3(t)
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Basics of State-space Method Formulation of State-space Equations

Example: > Y (s) = 33—0—855623—0_—'_22385—0—28 Ul(s)

x(t) 0 1 0| x(t)]| |0

xX5(t)[=]| O 0 1 ||xy(t)]|+]0 |ult)

xz(t)| |-28 23 -8 x3(t)| |1
y(t) =28 56 0]x

»| 56
dx
dt x(1) +¥ + y(

A

-28

© Dr. Md. Zahurul Haq (BUET) DRAFT: State-Space Method RME 3204 (2025)

15 /31

16 /31



Basics of State-space Method Formulation of State-space Equations

. _ 3s3425+1
Example: > Y(s) = 533:555:556.45538 U (8)

y(t)=1[1 2 0 3|x

—> 2

& dx

at? af () e Y0

J I Mo
+

<«

-28 <
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Basics of State-space Method Formulation of State-space Equations

Example: Multiple-input, multiple-output system

}—» yl(t) }—» yz([)

(D) wy(0) 0 1 0 0 0 0
K ! k 2 —ki+k) —(citc) kb o 1 0
_ m m m m _ | m
~VWA A= 0 0 o 1| B=|0 o
¢ my B my k2 &) —ky —c 0 1
1 2 — — — — —
L ny ny nmy ny ny
'_ _|l_ -
(@) (@) (@) (@]
x1(2) _
yie)y| _[1 0 0 0 x(1) i 0 O] u()
@& |~ [0 0 1 0 x3(1) 0 0| [[u2(0)
x4(1)
,—» uy (1) ’—> uy(1)
kyyy (1) —a—] e key(y(1) = (1)) ——] C = 1 000 D = 0 0
0O 0 1 o0 0 O
my ny
Eolikp) —-— - Co(Y(1) = V(1)) ~t—

mi1(t) + (c1 + c2) Y1 (t) + (b + k2)y1(t) — cata(t) — kova(t) = wy(2)

Mot (t) + 2 (t) + koya(t) — catr(t) — kowi(t) = ua(2)
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Basics of State-space Method Formulation of State-space Equations

State-space Method to TF

@ x = Ax+ Bu
@ y=Cx+ Du
— s8X(s) —z(0) = AX(s) + BU(s) : taking Laplace Transform
— Y(s)=CX(s)+ DU(s) : taking Laplace Transform
= sX(s)=AX(s)+ BU(s) :z(0)=0
— (sl —A)X(s) = BU(s)
= X(s)=(sI —A)tBU(s) : multiplying (sI — A)~! to both
sides

® Y(s)=[C(sI—A)"'B+ D] U(s)
G(s)=C(sI—A)'B+D
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Basics of State-space Method Formulation of State-space Equations

Example: Mechanical System

e State Equation:
:bl 0 1 I 0 .
=1 & b + |, | v =z = Ax(t) + Bu(t)
L2 L2

m

m m
I

@ Output Equation: y = [1 0} L
2

] = y = Cx(t) + Du(t)

s -1 Yo

=11 o] & b 1 1
= s+ = — g
m m m ms> + bs + k

a b0 1 [d —b
c d ad—bc |—c a
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Basics of State-space Method Formulation of State-space Equations

Example: > Obtain TF from State-space equations:

-1 1 0 0
A= 0 -1 1], B=]0], C=11
121071 0 0 -2 1

o
=)
=
o)
Il
o

X -1 1 0] x 0 (s +1 -1 o ['o
Hl =1 0 -1 1|lx|+|0lu Gs)=[1 0 0] 0 s+1 -1 0
i3 0 0 -2 || x 1 L0 0 s+2 1
X1
y=[1 0 0] x 1 1 1 ]
T2106 X3 s+1 (s+1)2% (s+1)%s+2) 0
1 1
=1 0 0] s+1  (s+1)(s +2) (1)
G(s)=C(sI—A)'B+D 0 0 1
L s+ 2 ]
1

12108 (s + 1)X(s +2) 5 + 45 + 55 + 2
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Basics of State-space Method Formulation of State-space Equations

Example: > Obtain TF from State-space equations:
G(s) =C(sI — A)'B
B [1 O]F +1 1}1[1 1]
R e A R e et
X 6.5 0 X, 1 0 U, 1 s -1 1 1
y1:|:|:1 0][x1]+[0 0][] :s2+s+6.5|:6.5 s+1:||:1 o]
259

0 1 Xy 0 0 U, 1 s —1 s
TS+ 5465 |:s+7.5 6.5:|

Y(s)=
[C(sI —A)"'B+ D] Ul(s) s —1 s
|:Y1(s):| _| S Fs+65 45465 |:U1(s):|
Y5 (s) s+ 75 6.5 U(s)
T2110 S +s+65 s2+5+65
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Basics of State-space Method Solution of State Equations

Solution of Homogeneous State Equations

o ©(t) = Az (t)
— sX(s)—z(0) = AX(s)
— (sI — A)X(s) = z(0)
= X(s) = (s —A)1z(0)
= z(t) = L7(s] — A)~]z(0) = d(t)z(0)
o State-transition matrix, ¢p(t) = L 1[(s] — A)71]

° (sI—A):£+SA2_|_f_§_|_...
o O(t) =L Y(sI —A)y =T+ At + 45 48 1 . — At
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Basics of State-space Method Solution of State Equations

Example: > Obtain the state-transition matrix of the following system:
Cbl . 0 1 I
Z'ﬁg - —2 —3 T2
° ¢(t) =e =L M(sI—A)]
s O 0 1 s -1
I - A — — =
° (sI—4) [0 s} [—2 —3} {2 s+ 3}

L 1 s+3 1
(sT = A) _(s+1)(s+2)|:2 J

s+ 3 1
(s+D(s+2) (s+1)(s+2)
-2 s

(s+D(s+2) (s+1)(s+2)

D(1) = e = LY (sT — A)!]

B 26—1 _ e—Zt e—r _ e—Zr
et + 2e7 —e + 27X
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Basics of State-space Method Solution of State Equations

Solution of Non-Homogeneous State Equations

o z(t) = Az(t) + Bul(t)
— sX(s)—z(0) = AX(s)+ BU(s)
— (sI —A)X(s) =z(0) + BU(s)
= X(s)=(sI —A)tz(0)+ (sI — A)1BU(s) =

Lle4z(0) + L[e4t]BU(s)
z(t) = etz (0) + fé eAt=") By (1) dT

If initial time is given by %y instead of O:

z(t) = eAlt-0)g(4) + fé eAlt=T By (1)dt

U
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Basics of State-space Method Solution of State Equations

Example: > Obtain the state-transition matrix of the following system:

NS EHE

D(t) = eM =L (sT - A)']
- 267[ _ 672[ efr _ 672[
| 2et 2% gt 4 2e7
The response to the unit-step input 1s then obtained as:
t 26*(1*7') _ e*Z(l*T) e*(l*T) _ 6*2(1*7) 0
— LA
X(t) ¢ lx(o) + A[ze(:r) + 2672(#7) 7ef(t7'r) + 2672([77) 1 [”dT
x(1) | | 2t —e™® el — e x,(0) N S—el e
X,(1) et +2e —e !t + 2 x,(0) el — e

If the wnitial state is zero, or z(0)=0, then z(t) can be stmplified to:

|:x1(t):| _ % —e' + %e‘z’
x5(1) —t -2t

e —e
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Design by State-space Controllability

Controllability

If an wnput to a system can be found that takes every state variable from
a desired wnitial state to a desired final state, the system 1s said to be
controllable; otherwise, the system 1s uncontrollable.

e An ni-order plant whose state equation:
z = Az + Bu
@ Completely controllable if the matrix:

P=[B AB A?B ... A" !B]

is of rank n, where P is called the controllability matrix.
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Design by State-space Controllability
Example: > Investigate controllability.
x1(2) ] 0 1 07[ xi(0) 0
@) | = [ 0 0 1] x(t) | + [ l]u(t)
LJ'C;z(I)_ -6 —11 -6 x3(t) -3
r o
B 1]
L—3
r o 1 0 0 1
AB=| 0 0 1 1|=]|-3 .
6 11 _6} [_J [ 7] @ |P| =0, thus rank of P is less
0 10 1 -3 than 3. So, not-controllable.
AZB:A(AB):|: 0 0 1“-3]:[ 7}
-6 —11 —6 7 —15
P=[B AB A’B]
0 1 -3
= { 1 -3 7}
-3 7 -15
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Design by State-space Controllability

Example: > Investigate controllability.
x1(1) 0 1 0 x1(1) 0
@) | = |: 0 0 1:| @) |+ 0 | u()
x3(1) —ap —a; —ayl | x3(7) 1
xi(t) ]
y(t)y=[bo b1 by]| x20t)
x3(7) |

@ |P|=—-1+#0. So,
controllable.
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Design by State-space Observability

Observability

If the wnatial-state vector, z(ty), can be found from wu(t) and y(t)

29 /31

measured over a finite interval of time from ty, the system is said to be

observable; otheruise the system 1s said to be unobservable.
e An n't-order plant whose state equation & output equation:
z = Az + Bu
y=Cz
@ Completely observable if the matrix:

C
CA
CA?

CA.n—l

is of rank n, where @ is called the observability matrix.
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Design by State-space

Example: > Investigate observability.
x1(1) 0 0 -6 x1(1)
H@) =11 0 =11 | x0)
X3(Z‘) 0 1 —6 x3(1)

x1(7)

y@) =10 1 =3T| x(r)

x3(1)

C=[0 1 -3]

00
CA=[0 1 =311 0
0 1

01 -6

Observability

@ |@Q| = 0, thus rank of Q is
less than 3. So,
non-observable.

00 -6
CA*=(CMA=[1 =3 71|1 0 =11 |=[=3 7 -15]

¢ 0 0 -6
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