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Basics of State-space Method

Motivation for State-space Method

@ Classical, or frequency-domain approach have the primary
disadvantage of its limited applicability: It can be applied only to
linear, time-invariant systems or system that can be approximated
as such.

@ A major advantage of frequency-domain techniques is that they
rapidly provide stability and transient response information.

@ State-space, modern, or time-domain approach is a unified method
for analysing and designing a wide range of systems:

» Non-linear systems that have backlash, saturation, and dead zone.

» Time-varying systems e.g. missiles with varying fuel levels.

» Multiple-input, multiple-output (MIMO) systems (such as a vehicle
with input direction and input velocity yielding an output direction
and an output velocity) can be compactly represented in state space
with a model similar in form and complexity to that used for
single-input, single-output (SISO) systems.
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Basics of State-space Method

What is a state variable?

Steam Boiler

Inlet water Steam offtake
—l F
el e ps(f)
I Puld
w =
00000000 ® xg(t) = [Ts(t), ps(t), Tw(t), by (¢)]7
' 1 Fuel supply
State variables I1 (t) T (t)
T.(0) Temperature of steam 4y ( t) Ds (t)
p<?) Pressure of steam Xsb(t) - T (t) = T (t)
T(0) Temperature of water 3 w
h)  Level of water za(t)| | hw(?)

The state or set of system
variables provides us with the
status of a particular system at
any wnstant in time.
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Basics of State-space Method

State variable representation

u() v()
—»| System

General system block diagram. .
g J @ Define system equations,

System @ Identify system inputs,
Inputs state Outputs outputs and states,
uy(f) ———— —> »{0 © Rewrite new system
up() ——pf State  L———p () . .
variables equations in standard state
xi(Ben : variable vector-matrix
co Xplf) : notation.
Uty ———— —> Kl

Inputs, outputs and state variables.
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Basics of State-space Method Formulation of State-space Equations

State-space Method: Mechanical System

° mdtz +b * +ky =u
(1) d
= dtg_f—r%dg—i_ﬁyzﬁ

k
—VWWA e State variables, z;(t) and zy(t):
1] z1(t) = y(¢)
— @) @)
2 2 (t) = y(t)

e State Equation:
.if)l 0 1 I 0 .
. = k b + 1| U = T = AX(t) + BU(t)
L2 “m Tmd 22 m

@ Output Equation: y = [1 0} Fl] = y = Cx(t) + Du(t)

T2
where, C' = [1 0} , D=0
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Basics of State-space Method Formulation of State-space Equations

X = Ax + Bu
y = Cx + Du
0 1 0
A = ., B= , C€C=[1 0], D=0
kb 1 4
m m m
u 1 Xy X2 1=y
—— o —» j o j >
b
L .
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Basics of State-space Method Formulation of State-space Equations

Example: Parallel RLC Circuit

+

i(t)<> R§ L%lw C—— v o State variables:

) Q =z (t) =u(?)
—— Q =z(t) =v(¢)
@ Governing equations:
Q =z(t) = Ly (2)
Q@ =M +ai(t)+ Ca(t) = u(t)

1
[{clgtﬂ _ { O L } [xl(l)] + [ 0 } «y @ Rearranged equations:
X (2 —_
c

State Differential Equation

1 1 x2 (1) .
¢ & @ a(t) = =
Algebraic Output Equation Q it) = _$1ét) o mjz:t (Ct’) 4+ ug)

x1(7)

me] + 10Ju()

y() =10 1][
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Basics of State-space Method Formulation of State-space Equations

Example: Translational Mechanical System

State Differential Equation

‘ o 0 1 0
(0 (1) 100 0 0 1 1 X1 ()
(1) | _ ki ko x2(t)
— {@(z)] =l m o 00 [)q(t)i| +
X4(1) 0
k] k2 c mp nyp

nm; mi
x4(1)
m —\AMA— ) —Il— Algebraic Output Equation

xi (1)
O] 0 @) O
y@ | _[1 0 0 0]] x@® 0
7209 % [yz(t)]_[l 1 0 O] [x3(t)]+|:0]u(t)

x4(1)

u(t)

of|=oco

—k 0 £

Q@ z(t) = wn(t)
Q z:(t) = ya2(t) — w1 (?)
Q z3(t) = n(t)
Q z4(t) = %(?)

ma 1 (t) + kiyi(t) — kalya(t) — v (2)] = F(2)
mata(t) + cya(t) + kalya(t) — w1 (2)] =0

© Dr. Md. Zahurul Hagq (BUET) State-Space Analysis RME 3204 (2025) 9/37

Basics of State-space Method Formulation of State-space Equations

State variable notation summary

Given a system of

m inputs
n states
r outputs

the full state space system is given by
x(t) = Ax(t) + Bu(?)
y(#) = Cx(#) + Du(t)

where A (size n x n) is the system matrix
B (size n x m) is the input matrix
C (size r x n) is the output matrix
D (size r x m) is the direct feedthrough matrix

The matrix D represents any direct connections between the input and the output. However, in
many simple cases, such as the trailer suspension example, the D matrix is zero.

The step of tdentifying the number of states (n), inputs (m) and outputs
(r) automatically sets up the size of the ABCD matrices to be filled:

X(t) = ApypX(t)+ By mult)

yit) = CpxnX(t)+ Dy pyult)
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Basics of State-space Method Formulation of State-space Equations

@ State equation and output equation:
Q z=f(z,u,t)
Q y=yg(z,ut)
@ Linearised state equation and output equation:
Q z=A(t)z(t) + B(t)u(t)
Q y=C(t)z(t) + D(t)u(?)
@ Time-invariant linearised state equation and output equation:
Q = Ax(t) + Bu(t)
@ y = Cz(t)+ Du(t)

N D)

u(r) x(1) x(1) y(@)

[ :> B() Jdr ﬁ C()

A K——
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Basics of State-space Method Formulation of State-space Equations

Example: State-space representation of a DE

U () + ai(t) + aay(t) + aoy(t) = bou(t): H(s) = 2

s3+azs24-a;s+a,

@ State-variables, x(t) = [z;(t), zx(t), 333(75)]T

Q z:(t) = y(t)
Q =(t) = y(t) = z1(2)
Q z:(t) = Y(t) = 21(t) = 22(2)

® z3(t) = —aozi(t) — apxa(t) — azza(t) + bou(t)

State Differential Equation

x1(1) 0 1 0 x1(1) 0
x@) | = 0 0 1 X)) |+ 0 [u@)
x3(1) —ap —ap —a x3(1) by

Algebraic Output Equation

x1(1)
y@)=[1 0 0] |:x2(l):| + [O]u(z)
x3(1)
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Basics of State-space Method Formulation of State-space Equations

n-th order Differential Equation (DE)

ary(t) d" ty(t) 2y(¢)

A L | L 1)

+ agy(t) = bou(t)

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
—ayp —a; —a; -+ —dp_| by
C=[1 0 0 0] [0]
"y % )= a0 = i
dy 6ol = =55 K-l =g %)== xll =y
u(t) dt"
) <—[> ) —> | >
a1
a,_p, €——
a; |4
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Basics of State-space Method Formulation of State-space Equations

Example: > Y (s) = 53+852i235+2s U(s): —
d*y(t)  d’y(t) a¥(t)
253 +38 72 +23 o +28y(t) = u(t)
il To 1 0ol[x] [0
Xz(t) = 0 0 1 Xz(t) +(0 ll(t)

xalt)| [-28 —23 8| xalt)| |1

y(t)=[1 0 0]x

d
" B =2 x=y0

—

© Dr. Md. Zahurul Haq (BUET) State-Space Analysis RME 3204 (2025)

13/37

14 /37



Basics of State-space Method Formulation of State-space Equations

Example: > H(s) = bas® thistbe  _ Fr (5)Hy(s)

s3+azs?+ais+ae

U(s) W(s) Y(s)

[E—— H,(s) -— H,y(s) —
o W(s)=Hi(s)U(s) = 5ot Ul(s)
® Y(s) = Hy(s)W(s) = (bas® + bis + b,) W (s)
@ W(t)+ axWw(t) + aiw(t) + aow(t) = u(t)
o y(t) = by () + brw(t) + bow(
x1 (1) 0 x1 (1) 0
X)) | =| 0 x2) [+ |0 |u@)
X3(1) —do x3(1) 1
l?l(t
w(t)=1[1 0 0] [z(¢t)| + [0]u(t)
z3(t)
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Basics of State-space Method Formulation of State-space Equations

y(t) = bow(t) + brw(t) + baii(t)
= boz1(t) + bizp(t) + bazs(t)

x1(1) 0 1 0 x1(t) 0
X)) | = 0 0 1 Xo(t) |+ 10 | u@)
x3(1) —ay —a; —ay | | x3(t) 1
(1)
w(t) =[bg b1 ba| |z2(t)| + [0lu(t)
z3(1)
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Basics of State-space Method Formulation of State-space Equations

Example: > Y (s) = 33+853%3j22383+28 Ul(s)

x(t) 0 1 0| x(t)]| |0

Xy (t)[=]| O 0 1 ||xot)]|+]0|ult)

x3(t)| |28 -23 8| x3(t)| |1
y(t) =28 56 0]x

—p| 56
dx
dt x(0) R Al
] > | » 28 —>(+ >
-«
-28 [«
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Basics of State-space Method Formulation of State-space Equations
. _ 35342541
Example: > Y(s) = 533:3575:556.45538 U (8)
y(t)=1[1 2 0 3|x
—p 3
—» 2
2
dx d% % dx
u() ar o t dt x(f) RS LY
) S
+
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Basics of State-space Method Formulation of State-space Equations

Example: Multiple-input, multiple-output system

}—» () }—» Yo(t)

r 1
o c¥l~0o

|- o o

3
S

NENG)
| [ u2(0)

uy(f) (1) 0 1 0 0
k, "k, i —htk) —(@tc) ko
_ m m m m _
AN A= 01 01 Ol 11 B —
¢ m c my k2 &) -k —c2
1 2 — - _=
L ny ny ny m
= 1
(@] (@) (@) (@]
x1(1)
@ |_|{1 0 0] x2(t) " 0 0
@ | [0 0 1 0 x3(1) 00
x4(1)
l—»‘h(’) - ”2(’)
kyy; (1) —~a— k(5 (f) — (1)) ~=— C = 1 0 00 D 0 0
0O 0 1 O 0 O
my my
Eo§p) —=-—] o (V1) = 1(1)) ~—|

mi1(t) + (c1 + c2) Y1 (t) + (b + k2)y1(t) — cata(t) — kova(t) = wy(2)

Mot (t) + cota(t) + koya(t) — catr(t) — kowi(t) = ua(t)
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Basics of State-space Method Formulation of State-space Equations
State-space Method to TF
@ x=Ax+ Bu
@ y=Cx+ Du
— sX(s)—z(0) = AX(s)+ BU(s) : taking Laplace Transform
— Y(s)=CX(s)+ DU(s) : taking Laplace Transform
= sX(s)=AX(s)+ BU(s) :z(0)=0
— (sI —A)X(s) = BU(s)
= X(s)=(sI —A)"t'BU(s)
= Y(s)= [C’(s[ —A)'B+ D] Ul(s)
G(s)=C(sI—A)'B+D : z(0) =0
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Basics of State-space Method Formulation of State-space Equations
Example: Mechanical System

e State Equation:
o= ]+ [a] e e -z

L2 L2 m

m m

I

@ Output Equation: y = [1 0} { ] = y = Cx(t) + Du(t)

Io

G(s) =C(sI-—A)'B+D

s -1 o
=1 0|k b | 1
—_— s —_— — = —————
T2104 m m m 12105 ms®> + bs + k

a b0 1 [d —b
c d  ad—bc|—c a
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Basics of State-space Method Formulation of State-space Equations

Example: > Obtain TF from State-space equations:

D

21 /37

-1 1 0 0
A=| 0 -1 1|, B=|0]|, C€=[1 00, D=0
12107 0 0 -2 1

X -1 1 0] x 0 (s +1 -1 o ['o
Hl =1 0 -1 1|lx|+|0lu Gs)=[1 0 0] 0 s+1 -1 0
X3 0 0 2| x 1 0 0 s+2 1

X1

y=[1 0 0]{)52} 1 1 1
12106 X3 s+1 (s+1)2 (s+1*s+2)

1 1
= 0 0] s+1 (s +1)(s +2)

G(s)=C(sI— A *B+D 0 0 iz
L N
1 1

12108 (s + 1)X(s +2) s+ 45 + 55 + 2
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Basics of State-space Method Formulation of State-space Equations

Example: > Obtain TF from State-space equations:
G(s) = C(sI — A)'B
_[1 ():||:s+1 1]1[1 1]
Lo 1]l -65 s] L1 o0
x| | -1 —1 x1+1lu1
©l] 165 0]l x 10| u 1[s —1][1 1]

2+s+65065 s+1 (1 0
n| |10 X1 0 0 U,
[,\’2:|_|:0 1:||:x2:|+|:0 0:||:u2:| :21|:S_1 S:|
s+ s+65|s+75 65
Y(s) = G(s)U(s)
S—l s

|:Y1(S):| | s+ s+65 sP+s5+65 |:U1(s)i|
Yo(s) ] | s+75 6.5 Us(s)

s +s+65 s2+s5+65
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Basics of State-space Method Solution of State Equations

Solution of Homogeneous State Equations

o =(t) = Az (t)
— sX(s)—z(0) = AX(s)
— (sI — A)X(s) = z(0)
= X(s)= (s —A)tz(0)
= z(t) = L7[(s] — A)']z(0) = d(t)z(0)
@ State-transition matrix, ¢(t) = L1[(s] — A) 1]

o (sI—A) =Ly A A,
° d)(t)zﬁ—l[(sI—A)—l]:]+At+%!tz+%+m:em
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Basics of State-space Method Solution of State Equations

Example: > Obtain state-transition matrix of the following system:

o= L)

1 s+3 1
(sT — A)! = |: :|
(S + 1)(S + 2) _2 S (I)([) _ eAl _ gfl[(sl . A),l]

) + 3 1 267[ o 672[ 671 _ e*Zt
s+ 1)(s +2 s+ 1)(s +2 =
| 2(2 ) )S( ) |:—26‘ + 2e % —e '+ 2e7* ]

(s+1D)(s+2) (s+1)(s+2)
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Basics of State-space Method Solution of State Equations

Solution of Non-Homogeneous State Equations

o z(t) = Az(t) + Bul(t)
z(0) = AX(s)+ BU(s)
(s] — A)X(s) =z(0) + BU(s)
X(s)=(sI —A)1z(0) + (sI — A)"*BU(s)
X (s) = L[e?)z(0) + L[eABU (s)

z(t) = etz (0) + fé eA(t=7) Bu(t)dT :t>0

b4 11

e/'2(0) = free response: depends on initial condition, z(0), if
initial condition is zero this term is also zero.

° J"é et=" By(t)dt = forced response: depends on input
u(t) € [0, t], if no forced input this term is zero.

o If initial time is given by %, instead of O:
z(t) = etz (¢) + fé eAlt=") By(t)dt
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Basics of State-space Method Solution of State Equations
Example:

> Obtain state-transition matrix of the following system:

Ztl . 0 1 I 4 0 u
| |—2 —=3| |z 1
D(1) = M = LY (sT — A)!]
B 2e—r _ e—Zt e—r _ e—21
| 2+ 2 —et 422

The response to the unit-step input 1s then obtained as:

t 267(’77-) _ 6*2(1*7) e*(I*T) _ e*2(t*‘r) 0
— LA
X(t) - ¢ IX(O) + A' |:_2e(lr) 4 26*2(1‘77) _ef(t*”r) + 26*2(t*7) 1 [1]dT

x,(2) et — 7% el — e x,(0) T+ e
— B B + B D
x5(1) —2e + 2% et —e?

—e '+ 2e7 || x,(0)

If the wnitial state is zero, or z(0)=0, then z(t) can be stmplified to:
1 _ 1 _
|:x1(t):| I ! +oe o
x,(1)

e t __ e—2t
© Dr. Md. Zahurul Hagq (BUET)
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Basics of State-space Method Solution of State Equations
Example: > §(t) + 7y(t) + 12y(t) = u(t)

u(t) is a step input of magnitude 3, and y(0) = 0.10 and y(0) = 0.05.

R AR

1
o(sI—A)_1:+{0 1}

$2+7s+12

—12 —7
X(s)=(sI —A)*z(0)+ (sI —A)'BU(s)

B 1 s+7 1 0’10+ 1 s+7 1] [0] 3
) 824 7s+12 | —12 | [0.05]  s2+4+7s+12|—12 s| |1]|s
B 1 0.10s + 075 + 2
~ (s+3)(s+4)| 0.05s+1.80
2
@ Xl(s) _ O.;L(0$s+;r)0(.s745rz—)|—3 — 0.25  0.55 + 0.40

S s+3 s+4
= y(t) =z1(t) = L71[X1(s)] =0.25 — 0.55e 3t +0.40e %' : ¢t >0
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Design by State-space Stability

Stability in State Space

@ x=Ax+ Bu — X(s) = (sI — A)1BU(s)
o y=Cx+Du— Y(s)=[C(sI—A)'B+ D] U(s)
_1 _ adj(sI-A)
= (I - A7 = Tea
@ det(sl — A) = 0 is the characteristic equation from which the
system poles can be found.

@ det(sI — A)=0= P(s) =0.
e Use RH stability criteria using P(s) = 0.
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Design by State-space Stability

Example: > Investigate the stability:

0 3 1 10
=1 2 8 l|lz+|0|wu, y=I[1 0 0]z
—10 -5 =2 0

(sI-A)=

s 0 0 0 3 1 s =3 -1
0 s O0f- 2 8 If=]-2 s=-8 -1
0 0 s -10 -5 =2 10 5 s+2

det(s] — A) =53 —6s2—T7s—52=0= P(s)

5> 1 -7

52 -6 =3 =57 — 26
47

g! —/3Z -1 - 0

§9 -26

One sign change in the first column, so the system s unstable.
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Design by State-space Steady-state error

Steady-State Error for Systems in State -Space

R(s) E(s) C(s)
G(s) -

@ e(t)=1r(t)—c(t) — E(s)=R(s)— C(s) = E(s) =
R(s)[1— G(s)]

e x=Ax+Bu, y=Cx+Du= G(s)=C(sI—A)'B+D

@ Applying final-value theorem:

| S

et = lim e(t) = lim sE(s) = lim sR(s) [1 — {C(s] — A)"' B + D}

—00 s—0 s—0

@ For unit step input, R(s) = 1/s, and for unit ramp input,
R(s)1/s2.
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Design by State-space Steady-state error
Example: > Estimate steady-state error for a) unit step input b) unit ramp

input:
-5 1 0
A={0 -2 1|; B= . C=[-11 0]
1

20 10

€ss = tlim e(t) = lim sE(s) = lim sR(s) [1 — {C(s[ —A)'B+ DH

—00 s—0 s—0

s+4
= lim sR(s) ( 1 -
e(c0) = lims (V)( s3+6s2+13s+20>

<s3 + 652+ 125 + 16)

— lim sR
im SR\ 3657 + 135 + 20

s—0

a) R(s)=1/s — e;s =4/5
b) R(s)=1/s? — es;s = 0
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Design by State-space Controllability

Controllability

If an wnput to a system can be found that takes every state variable from
a desired wnitial state to a desired final state, the system 1s said to be
controllable; otherwise, the system 1s uncontrollable.

e An ni-order plant whose state equation:
z = Az + Bu
@ Completely controllable if the matrix:

P=[B AB A?B ... A" !B]

is of rank n, where P is called the controllability matrix.
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Design by State-space Controllability
Example: > Investigate controllability.
O 0 1 07 [ x@) 0
%) | = [ 0 0 1] x(t) | + [ l]u(t)
LJ'C;z(I)_ -6 —11 -6 x3(t) -3
r o
5 1]
L -3
r o 1 0 0 1
AB=1 0 0 1}[ 1}:[3] @ |P| = 0, rank of P is less than 3.
L6 —11 —6]L-3 7
0 1 0 1 -3
@ Not-controllable.
AZB:A(AB):|: 0 0 1“-3]:[ 7}
-6 —11 —6 7 —15
P=[B AB A’B]
0 1 -3
= { 1 -3 7}
-3 7 —15
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Design by State-space Controllability

Example: > Investigate controllability.
x1(1) 0 1 0 x1(1) 0
X (1) | = |: 0 0 1:| Xo(t) [+ 10 |u()
x3(1) —ap —a; —ayl | x3(7) 1
xi(t) ]
y(t)y=[bo b1 by]| x20t)
x3(7) |

@ |[Pl=—-1#0.

@ So, controllable.
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Design by State-space Observability

Observability

If the wnatial-state vector, z(ty), can be found from wu(t) and y(t)

35 /37

measured over a finite interval of time from ty, the system is said to be

observable; otheruise the system 1s said to be unobservable.
e An n't-order plant whose state equation & output equation:
z = Az + Bu
y=Cz
@ Completely observable if the matrix:

C
CA
CA?

CA.n—l

is of rank n, where @ is called the observability matrix.

© Dr. Md. Zahurul Haq (BUET) State-Space Analysis RME 3204 (2025)
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Design by State-space Observability

Example: > Investigate observability.

x1(1) 0 0 -6 x1(1)
Ho) =1 0 =11 || x0
X3(Z‘) 0 1 —6 x3(1)
x1(t)
y@&)=[0 1 =3]| x()
x3(1)
C=[0 1 -3] @ |Q| = 0, thus rank of Q is
0 0 —6 less than 3.
CA=[0 1 =3]|1 0 —11|=[1 =3 7]
01 -6 @ So, non-observable.

00 -6
CA*=(CMA=[1 =3 71|1 0 =11 |=[=3 7 -15]
01 -6
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